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Abstract

This paper discusses a structural damage detection technique based on wavelet analysis of spatially
distributed structural response measurements[ The premise of the technique is that damage "e[g[ cracks# in
a structure will cause structural response perturbations at damage sites[ Such local perturbations\ although
they may not be apparent from the measured total response data\ are often discernible from component
wavelets[ The viability of this new technique is demonstrated with two examples] one based on numerically
simulated de~ection responses of a uniform beam containing a short transverse crack under both static and
dynamic loading conditions\ and the other based on smooth analytical crack!tip displacement _elds[ In each
of these examples\ the de~ection or displacement response is analyzed with the wavelet transform\ and the
presence of the crack is detected by a sudden change in the spatial variation of the transformed response[
This damage detection technique may serve the purpose of structural health monitoring in situations where
spatially distributed measurements of structural response in regions of critical concern can be made with\
for example\ networks of distributed sensors\ optical _bers\ computer vision and area scanning techniques[
It appears that this new technique does not require any analysis of the complete structure in question\ nor
any knowledge of the material properties and prior stress states of the structure[ Þ 0888 Elsevier Science
Ltd[ All rights reserved[

0[ Introduction

This paper presents a new method for structural damage detection and structural health moni!
toring[ This method uses wavelet transforms to analyze spatially distributed signals "e[g[ dis!
placement and strain measurements# of a structure in regions of interest and detect damage by
sensing local perturbations at damage sites[ More classical methods\ such as those based on
frequency and sti}ness analysis\ extract damage information from variations in structural sti}ness
and natural frequency relative to a reference state "e[g[ that of an undamaged structure#[ Based on
simulation results obtained so far\ it appears that this new method can provide an alternative to
classical methods in damage detection and structural health monitoring\ especially in situations
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where the classical methods are di.cult to apply[ Since the application of the wavelet transform
to damage detection is a subject of on!going research\ and further development is needed to make
the new method practical\ the purpose of this paper is to show the feasibility of the proposed
method using simulated signals to shed light on the potential of the wavelet transform in analyzing
spatially distributed structural response signals and in identifying local perturbations caused by
damages such as cracks\ and to stimulate further research in this area[

In the remainder of this section\ we will _rst review some highlights of previous studies in
damage detection "the review is by no means complete because of a large number of publications
in this area#\ and then discuss brie~y the current status of applications of the wavelet transform to
vibration analysis and damage detection[ In subsequent sections\ we will describe concisely the
wavelet theory and discuss how it will be used in this work\ and we will demonstrate the viability
of the new method through four simulation examples\ three of which involve a beam containing a
short transverse crack under both static and dynamic loading conditions and subject to di}erent
boundary constraints\ and the last of which is based on a two!dimensional analytical crack!tip
displacement response[ At the end of the paper we will summarize the present study with con!
clusions and suggestions for future work[

0[0[ Previous studies

Previous studies in damage detection have been focused on modal analysis of vibration signals
in the time domain\ which uses frequency and mode shape information[ Early investigations were
conducted by Schultz and Warwick "0860#\ DiBennedetto et al[ "0861#\ and Adams et al[ "Adams
et al[\ 0864^ Adams et al[ 0867\ Cawley and Adams\ 0868a\ 0868b#[ As pointed out in these studies\
damage "e[g[ cracks# in a structure results in a reduction in sti}ness and an increase in damping\
which in turn leads to a decrease in the natural frequencies of the structure[ It was also argued
that since the stress distribution through a vibrating structure is nonuniform and is di}erent for
each vibration mode\ a localized damage would a}ect each mode di}erently\ depending on the
particular location of the damage[ Based on the above premise\ various damage detection methods
have been devised and their feasibility demonstrated on laboratory test structures[ The modal
analysis based methodology proposed in the early works has also been closely followed and further
investigated in many more recent studies\ including those by Lee et al[ "0876#\ Cawley and Ray
"0877#\ Stubbs and Osegueda "0889#\ Saunders et al[ "0881#\ and Armon et al[ "0883#\ which mostly
deal with damage detection in composite structures[

To detect damage using modal based methods\ the vibration response of a structure before and
after damage occurs is usually desired although a baseline is not always required "e[g[ Stubbs and
Kim\ 0885#[ In addition\ to locate and to quantify the damage a complete dynamic analysis of the
structure is often performed and is usually carried out by solving a _nite element representation
of the structure[ There are a number of inconveniences associated with the above requirements[
First\ it is not always possible or convenient to have the vibration response of a structure before it
incurs damage "such as for aging aircraft#[ Second\ it is not always feasible or practical to conduct
dynamic analysis of a complete structure[ Third\ it is often di.cult to obtain accurate material
properties of a structure for a dynamic analysis[ In addition\ it has been argued by Banks et al[
"0885# that it may be necessary to include the exact geometry of a damage in modal based damage
detection methods\ which is not easily done\ and that the extension of modal based methods for
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simple structures "such as uniform beams# to more complicated structures may not be possible[ It
has been concluded by Banks and Inman "0880# that modal based methods are highly unreliable
and inadequate for structures "e[g[ composites# with variable material parameters[

To overcome some of the shortcomings of modal based methods\ Banks et al[ "0885# recently
proposed an alternative method for damage detection with application in smart structures[ This
method is based on essentially the same premise as that used by modal based methods\ namely
that damage in a structure will correspond to changes in the structure|s sti}ness\ damping and
mass properties[ However\ unlike modal based methods\ this alternative method does not extract
damage information from frequency and mode shape variations[ Rather\ it directly utilizes vari!
ations in sti}ness\ damping ratio\ and mass of a structure\ as estimated from time histories of the
input and vibration response of the structure\ which are generated and measured by embedded
and:or surface mounted piezoceramic patches[ To determine the location and magnitude of damage
in a structure\ the response of the structure as measured by the piezoceramic patches are used to
solve an inverse problem which is cast in this method as an optimization problem[ This method
has been experimentally validated for beam!like smart structures containing piezoceramic sensors
and actuators[ However\ in order to use this method\ the structure in question must be modeled
mathematically by a proper boundary!value problem and solved iteratively using Galerkin approxi!
mation techniques[ In light of this computational requirement\ it appears that some of the limi!
tations faced by modal based methods will also exist in this method[

If damage location is known in advance\ such as at critical bolt joints\ an electro!mechanical
impedance method advanced by Rogers et al[ "e[g[ Liang\ Sun and Rogers\ 0885^ Rogers and
Giurgiatiu\ 0886# has been shown to be very e}ective[ In this method\ an impedance probe
consisting of a PZT exciter:sensor is attached to a potential damage site\ which couples the internal
impedance of the probe with that of the host structure in the immediate neighborhood of the
probe[ When damage occurs near the probe\ the impedance output of the probe will change[ Since
this method is designed to detect localized damage at predetermined sites\ it is not directly
applicable to situations where damage may occur at arbitrary locations within an area[

0[1[ Wavelet based methods

Although the literature on damage detection has been so far dominated by studies based on
methods that utilize frequency or sti}ness variation information\ methods based on wavelet
transform "e[g[ Chui\ 0881#\ a recently developed mathematical theory rooted in signal analysis
"Daubechies\ 0877\ 0889^ Mallat\ 0878#\ are emerging[ It is expected that a rapid growth in the
application of wavelet transform to damage detection is poised to occur[ It appears that Newland
"0882\ 0883a\ 0883b# was the _rst to realize the potential of wavelet transform in vibrational signal
analysis[ The advantage of wavelet analysis\ as opposed to Fourier or modal analysis\ is that a
wavelet transform breaks down a signal " for example\ a time signal# into a series of local basis
functions "wavelets# on the time axis and allows the identi_cation of local features of a signal from
the scale and position of the wavelets[ Newland|s introduction of wavelets to vibration analysis
opens a new avenue of research although his work does not speci_cally address the issue of damage
detection[

The _rst studies "that we are aware of# that use wavelets to perform damage detection analysis
are those by Surace and Ruotolo "0883# and Wang and McFadden "0884\ 0885#[ The _rst two
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authors used the wavelet transform to analyze simulated vibration response signal of a cracked
beam as the crack in the beam opens and closes[ On the other hand\ the latter two authors applied
the wavelet transform to actual gearbox vibration signals in the time domain to analyze the local
features of these signals[ Their work seems to indicate that gear damage can be correlated to
features in time vs wavelet scale plots[ However\ further investigations are needed in order to
demonstrate the e}ectiveness and reliability of this new method[

An application of wavelet theory in the space domain to crack identi_cation in structures was
recently proposed by Liew and Wang "0885#[ They suggested that wavelets in the space domain
can be computed based on _nite element or _nite di}erence solutions of a mathematical rep!
resentation of the structure in question under dynamic conditions[ They argued that because the
dynamic solutions contain information of the eigenfunctions "vibration modes# of the structure\
the wavelets must be chosen to re~ect the boundary conditions of the structure[ As a numerical
example\ they considered the vibration of a simply supported uniform beam containing a transverse
crack and solved the problem with a _nite di}erence scheme[ Then they calculated the wavelets
along the length of the beam based on the numerical solution for the de~ection of the beam[
However\ in order to locate the crack from the wavelet data\ an initial displacement "excitation#
that oscillates rapidly along the length of the beam was used to excite the beam[ The crack location
is then indicated by a peak in the variations of some of the wavelets along the length of the beam[

In the current paper\ we propose that the wavelet transform be directly applied to spatially
distributed structural response signals\ such as surface pro_le\ displacement\ strain or acceleration
measurements[ It is conceivable that such measurements can be made over regions of critical
concern with distributed networks of sensors\ optical _bers\ scanning methods\ computer vision
or other surface pro_le measurement techniques[ We are interested in knowing whether local
perturbations in the spatial signals at or near damage sites can be detected by wavelets due to the
multiresolution property of the wavelet transform[ We will present _ndings about the feasibility
of this method based on simulated structural response signals[ Our _ndings so far appear to show
that both static and dynamic response measurements with su.cient accuracy can be used for
damage detection[ It also seems that the manner in which the structure is loaded has no particular
signi_cance\ provided that the measurement data contain damage perturbation information[ For
most of the analysis\ we will make used of the simple Haar wavelets "Haar\ 0809#[ We will also
demonstrate that other wavelets can also be used for this purpose "e[g[ the Gabor wavelets#[

1[ Wavelet analysis

1[0[ Wavelets and wavelet transform

Let f"t# be a signal of interest in the time domain "−�\ �#[ Let C"t# be a complex!valued
function localized in both time and frequency domains[ We call C"t# the mother wavelet[ Wavelets
are generated from the mother wavelet by translation and dilation\ as de_ned below

Ca\b"t# � =a=−pC0
t−b
a 1 "0#

where a and b are real!valued parameters\ and p is usually taken to be 0:1[ The wavelet Ca\b\
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associated with parameter a "dilation parameter# and b "translation parameter#\ oscillates at
frequency a−0 and is positioned at time b[ When a is very small\ the interval in which the wavelet
is non!zero contracts around the point b[ The wavelet transform of the signal f"t# is de_ned as

ca\b � g
�

−�

f"t#Ca\b"t# dt "1#

where the overbar denotes the complex conjugate of the function under it[ ca\b is called the
wavelet coef_cient for the wavelet Ca\b[ Wavelets with integer parameters are often used in wavelet
transforms and\ for example\ can be generated from the mother wavelet according to

Cj\k"t# � 1j:1C"1jt−k# "2#

where integers j and k are the dilation "scale# and translation "position# indices\ respectively[ The
corresponding wavelet transform from eqn "1# can be denoted by cj\k "at scale j and position k#[

The mother wavelet must justify the admissibility condition\ given by

g
�

−�

=C�"v# =1
dv

=v=
³ � "3#

where C�"v# is the Fourier transform of C"t#\ that is

C�"v# � g
�

−�

C"t#e−ivt dt "4#

with i � z−0[ A consequence of eqn "3# is that the mother wavelet must have a zero mean value[
The simplest wavelets were discovered by Haar "0809# long before the wavelet theory was

formally established[ The mother Haar wavelet is de_ned by

C"t# � 8
0\ 9 ¾ t ³ 0:1

−0\ 0:1 ¾ t ³ 0

9\ otherwise

"5#

The mother Haar wavelet and several of its wavelets at di}erent scales and positions are shown in
Fig[ 0 in the interval ð9\ 0Ł[

Another family of wavelets used in this paper\ the Gabor wavelets\ is generated from the Gabor
function below "e[g[ Kishimoto\ 0884#]

C"t# �
0

z3 pX
v9

g
exp$−

"v9:g#1

1
t1¦iv9t% "6#

where v9 and g are positive constants[ Following Kishimoto "0884#\ we choose v9 � 1p and
g � pz"1:ln1#[ It is noted that the Gabor function approximately satis_es the admissibility con!
dition "3# when g is su.ciently large "e[g[ the value taken in this study#[
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Fig[ 0[ Some examples of the Haar wavelets[
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1[1[ Dama`e detection by wavelet analysis of spatially distributed si`nals

Although wavelets are usually used to analyze signals in the time domain\ spatially distributed
signals can be equally analyzed with wavelets[ We can do this by simply replacing time t with a
spatial coordinate in previous equations[ Without loss of generality\ consider a spatial signal f"x#
distributed over ð9\ 0Ł\ where x refers to a spatial coordinate[ For example\ this signal can be a
displacement or strain measurement over a region of interest for a structure under static or dynamic
loading[ Note that this region of interest "assuming it is one!dimensional for the purpose of this
paper# can always be normalized to occupy ð9\ 0Ł[ The wavelet transforms "wavelet coe.cients#
for the signal then can be determined with the integration limits running from 9 to 0\ that is

cj\k � g
0

9

f"x#Cj\k"x# dx "7#

where j is the scale index and k the position index and the wavelets are de_ned by eqn "2#[
Because of the wavelet transforms cj\k are performed with various scaled versions of the mother

wavelet function\ local perturbations in a signal f"x# will be re~ected in the _ne!scale wavelets
"those with relatively large j values# that are positioned "as indicated by the k value# at the locations
of the perturbations[ This is the multi!resolution property of the wavelet transform[ In other words\
local perturbations can be determined by performing the wavelet transform to obtain wavelet
coe.cients\ and by examining the variations of the wavelet coe.cients with position[ For signals
distributed in two dimensions\ the two!dimensional wavelet transform can be used[

In light of the above discussion\ we argue that wavelet transform can be used for structural
damage detection as long as the spatially distributed signal contain local perturbations caused by
the presence of damage "e[g[ cracks# over the region where the signal is collected[ Such signals may
be obtained from surface or internal measurements of displacement\ strain\ or other quantities
whose values can be disturbed by the presence of damage[ A number of measurement techniques
perhaps can be used for this purpose\ such as surface mounted or imbedded networks of sensors\
_ber optics\ computer vision\ and scanning techniques[

The procedure for this damage detection method is as follows[ First\ collect spatially distributed
signals over an area of interest[ Second\ perform the wavelet transform to the signal to obtain
wavelet coe.cients for some _ne!scale wavelets "e[g[ wavelets of scales or levels j � 7 or higher#[
The reason why _ne!scale wavelets must be used is that only wavelets of su.cient levels will be
able to detect local variation in a signal[ Third\ for each level of wavelets\ plot the value of the
wavelet coe.cients in the region spanned by the corresponding wavelets[ Fourth\ examine the
distributions of the wavelet coe.cients at each level[ A sudden change "e[g[ a peak# in the
distribution of the wavelet coe.cients signi_es a strong local perturbation in the signal in the
region spanned by the corresponding wavelet[ If a detected perturbation is not caused by a known
source "such as a known geometric or material discontinuity#\ then it will be attributed to the
presence of damage at or near the side of the perturbation[

2[ Feasibility demonstration

In this section we will present evidence about the feasibility of the wavelet!based damage
detection method with simulated structural response data[ The simulated signals will be analyzed
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Fig[ 1[ A schematic of a uniform beam containing a transverse crack[

with the wavelet transform and the transformed signals will be studied to see if local features can
be observed and identi_ed near damage sites[ A sensitivity analysis will also be performed[

We analyze two problems here[ First\ we consider the de~ection response of a uniform beam
containing a short transverse crack subjected to static or impact loading conditions\ and then
consider the displacement response of a large sheet structure "a plate under plane strain or plane
stress deformation# containing a through!thickness crack[ The de~ection of the beam will be
obtained numerically using a _nite di}erence scheme[ The displacement response of the cracked
plate will be based on the analytical crack!tip _eld solution for an elastic body[ These de~ection
or displacement response solutions are the simulation data here that serve the purpose of providing
structural response signals when experimental measurements are not available[

For the beam problem\ we consider a beam of length L\ height H\ and width B\ as shown in
Fig[ 1[ Let x be the coordinate along the length of the beam with its origin at the left end of the
beam[ Suppose the beam contains a transverse\ through!thickness edge crack of length a at a
distance of d away from the left end of the beam[ For simplicity\ we let the beam be made of a
homogeneous and isotropic material with a Young|s modulus E[ The governing equation for the
beam according to the Euler!Bernoulli beam theory is given by

EI
13w

1x3
¦rA

11w

1t1
� q "9 ³ x ³ L^ t × 9# "8#

where w is the lateral de~ection of the neutral axis of the beam\ I the area moment of inertia of the
beam|s cross section\ r the mass density\ A the cross sectional area\ t the time\ and q the distributed
transverse loading on the beam\ which can be a function of x[ When a crack is located at x � d
"d ³ L#\ the governing equation will be over two adjacent regions\ "9\ d# and "d\ L#[

In the _nite di}erence scheme used here\ eqn "8# will be discretized in the space domain with
standard _nite di}erence approximations on either side of the crack[ The e}ect of the crack will
be represented by a discontinuity in the rotation of the beam at the crack location\ where the
de~ection\ bending moment and shear force are held continuous[ The jump in the beam|s rotation
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across the crack location is approximated "see\ Krawczuk and Ostachowicz\ 0884# by the product
of the beam curvature there\ 11w:1x1\ and the length of the crack\ a[ "In order to show that the
crack can be located without the embedded jump in rotation\ we will later use a smooth dis!
placement response along lines at a certain distance away from the crack tip and demonstrate that
the crack tip can also be identi_ed[# The resulting second!order ordinary di}erential equations
with respect to time will be solved with a standard eigen!function decomposition procedure[

In the following\ we will _rst consider the case of a simply supported beam subjected to a static
point load[ We will then analyze two more cases involving a cantilever beam subjected to an initial
impact loading[ In the _rst impact loading case\ an impact load "treated as a delta function# is
applied at the free end of the beam\ which is to the right of the crack location\ and in the second
case\ an impact load "also treated as a delta function# is applied at a mid point to the left of the
crack location[ Without attaching any particular signi_cance to the parameter values chosen here\
we let L � 9[4 m\ H � 1[4 cm\ a � 9[14 cm\ d � 9[141 m\ B � 0[4 cm\ and use typical steel
properties\ E � 109 GPa and r � 6[76 kg:m2\ in all three examples[ In each case\ the resulting
de~ection distribution will be analyzed with Haar wavelets[

2[0[ A simply supported beam under static loadin`

With this example we will show that damage detection can be accomplished with a static response
of a damaged structure[ This capability is important in that it opens up the possibility of detecting
sub!surface damage "e[g[ fatigue cracks and delaminations# by analyzing the surface pro_le of a
statically loaded structure\ which may be obtained by full!_eld measurement techniques "such as
those based on computer vision# that are more suited for slowly varying signals[

The simply supported beam in Fig[ 2 is loaded by a concentrated static force "F � 099 N# at a
distance of one fourth of the beam length from the left end[ The de~ection\ w\ of the beam is shown

Fig[ 2[ A simply supported beam with a crack and under a static load[
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Fig[ 3[ The de~ection response of the beam in Fig[ 2 with and without the crack[

in Fig[ 3 against the beam coordinate x normalized by the length of the beam L[ For comparison\
the response of the beam without the crack is also shown\ although it is not needed in the present
analysis[

Now we will transform the spatially distributed de~ection signal for the cracked beam with Haar
wavelets according to the procedure outline previously[ The wavelet coe.cients are obtained from
eqn "7# for wavelet scales 0Ð09[ The values of the coe.cients are then plotted over the regions
spanned by the corresponding wavelets along the x!axis\ as shown in Fig[ 4\ where the numbers
just outside the plots are the scales corresponding to the wavelet transforms[ It is observed that
while the _rst few wavelets "those of scales 6 and below# are not _ne enough to detect local
perturbations induced by the crack\ wavelets of scales 7 and higher are able to identify the local
perturbation by showing a peak at the position of the crack[

2[1[ A cantilever beam under impact loadin` at the free end

This example demonstrates that a spatially distributed dynamic signal can also be used to detect
damage using the proposed method[ We consider a cracked cantilever beam whose left end is _xed
and whose right end is subjected to an impact point load at time t � 9 "treated as a delta function
with its magnitude\ F � 099 N#[ The dynamic response of the cracked beam at 9[4 s after the
impact is given in Fig[ 5[ Overall\ the de~ection of the beam is smooth except near the position of
the crack where a small disturbance is observed[ "Since the signal in Fig[ 5 is a snap shot of the
spatially distributed de~ection variation\ it is not obvious that it contains all the higher!order
oscillation modes often associated with a delta function excitation[ Had we presented the signal in
the time domain for a _xed spatial point\ we would have seen these higher!order modes[# When
the de~ection response signal is analyzed with the wavelet transform\ this small disturbance is
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Fig[ 4[ The distributions of Haar wavelet coe.cients for wavelets of scales 0Ð09 based on the de~ection response in
Fig[ 3 of the cracked beam[
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Fig[ 5[ The de~ection response of the cracked cantilever beam loaded at the free end at t � 9[94 s after impact[

detected by wavelets of scales 7 and above[ As shown in Fig[ 6\ rapid variations "local peaks#
appear in the distributions of the Haar wavelet coe.cients at the crack location[

2[2[ A cantilever beam under impact loadin` at a mid point

In order to see whether the manner in which a cracked structure is loaded a}ects the ability of
the wavelet!based method to detect damage "assuming the response signal contains damage!
induced perturbations#\ we reconsider the preceding example with the position of the impact load
moved from the free end to a mid point between the _xed end and the crack\ at a distance of L:2
to the _xed end of the beam[ The impact load is applied at t � 9 and is again treated as a delta
function with a magnitude of 099 N[ The spatially distributed de~ection signal at t � 9[94 s after
the impact is considered[ Figure 7 shows the de~ection variation with a small perturbation at the
crack location[ "Again\ had we shown the signal in the time domain\ we would have observed the
usual higher!order modes often associated with a delta function excitation[# When this signal is
analyzed with the wavelet transform\ local peaks are observed at the crack position in the wavelet
coe.cient distributions for Haar wavelets of scales 5 and higher "see Fig[ 8#[

2[3[ A lar`e plate with a throu`h!thickness crack

In the preceding examples\ the e}ect of damage on the response of a structure is simulated in a
one!dimensional setting via the simple beam theory[ A question that may arise is whether the
detection of damage by the spatial wavelets is a result of the particular one!dimensional approxi!
mation used in the simulations or it is a result of some inherent local feature induced by the
damage[ This question can be answered by the following example[

We consider a large plate containing a through!thickness crack of length 1a and subjected to a
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Fig[ 6[ The distributions of Haar wavelet coe.cients for wavelets of scales 0Ð09 based on the de~ection response in Fig[
5 of the crack beam[
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Fig[ 7[ The de~ection response of the cracked cantilever beam loaded at a mid point at t � 9[94 s after impact[

remote uniform tension loading\ as shown in Fig[ 09"a#[ Under two!dimensional conditions "plane
strain or plane stress# and assuming linear elastic behavior for the plate\ the stress and deformation
_elds near the crack tip can be obtained analytically and are well!known in fracture mechanics[
For example\ the Cartesian rectangular displacement components of the near!tip displacement
_eld can be written as

ux �
KI

1GX
r

1p
cos

u

1$k−0¦1 sin10
u

11%\

uy �
KI

1GX
r

1p
sin

u

1$k¦0−1 cos10
u

11%\ "09#

where "r\ u# are the crack!tip polar coordinates^ G is the elastic shear modulus^ k �"2Ð3n# in plane
strain and "2Ðn#:"0¦n# in plane stress\ n being the Poisson|s ratio^ and KI is the stress intensity
factor\ which relates to the half crack length a and the remote tensile stress s by KI � sz"pa#[

Based on the displacement components in "09# we can generate displacement response data of
the plate along lines at a certain distance away from the crack tip[ For example\ we can do this
along a vertical line at x � d or along a horizontal line at y � h\ as shown in Fig[ 09"b#[ Considering
that "09# is valid only near the crack tip\ we will take d and h to be 9[0a and we will generate ux

and uy values in the interval of −9[4a ³ y ³ 9[4a for the vertical line and in the interval of
−9[4a ³ x ³ 9[4a for the horizontal line[ Plane stress conditions and common material properties
for steels are used in the following discussions[ Since all length dimensions will be expressed as a
fraction of the half crack length\ a\ we have chosen a to be 0 cm for the sake of simplicity[

The displacement response along the vertical line segment\ x � 9[0a and −9[4a ³ y ³ 9[4a\ is
shown in Fig[ 00"a#\ where the crack tip is closest to the mid!point "y � 9# of the line segment[ It
is clear that\ while ux component shows a dip at the crack!tip location\ the uy component reveals
no local features that directly tell us where the crack tip is[ Now the wavelet transform is applied
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Fig[ 8[ The distributions of Haar wavelet coe.cients for wavelets of scales 0Ð09 based on the de~ection response in Fig[
7 of the crack beam[
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Fig[ 09[ "a# An in_nite plate containing a through!thickness crack and subjected to a remote uniform tensile loading^
"b# a vertical and a horizontal line segments[



Q[ Wan`\ X[ Den` : International Journal of Solids and Structures 25 "0888# 2332Ð2357 2348

Fig[ 00[ "a# Displacement response along the vertical line segment^ "b# Haar wavelets of scales 4Ð09 for ux^ "c# Haar
wavelets of scales 4Ð09 for uy[
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Fig[ 00 continued[

to both displacement response distributions\ and the resulting wavelet coe.cient values of scales
4Ð09 are plotted against their positions along the line segment in Fig[ 00\ where Fig[ 00"b# is for
ux and Fig[ 00"c# is for uy[ In both _gures\ a sudden change is observed\ indicating the crack tip
location[

A similar observation can be made for the displacement response along the horizontal line
segment\ y � 9[0a and −9[4a ³ x ³ 9[4a[ From the displacement response shown in Fig[ 01"a#\ it
is very di.cult to conclude that the crack tip is closest to the mid!point "x � 9# of the line segment[
However\ it is an easy matter to see from the wavelets of scales 4Ð09 "Fig[ 01"b# for ux and Fig[
01"c# for uy# that the crack tip is located at the mid!point\ where the strongest disturbance is
observed[

In conclusion\ this example demonstrates that structural damage\ such as cracks\ induce certain
inherent perturbation features in the total structural response signals at locations nearest to the
damage sites[ It appears that these local features can be revealed by interrogating the spatial
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Fig[ 01[ "a# Displacement response along the horizontal line segment^ "b# Haar wavelets of scales 4Ð09 for ux^ "c# Haar
wavelets of scales 4Ð09 for uy[
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Fig[ 01 continued[

response signals with the wavelet transform\ provided that the response signals contain the local
perturbation information caused by the damage near the damage sites[

2[4[ Analyses with other wavelets

Because of their simplicity\ the Haar wavelets have been used in the wavelet transforms in the
preceding examples[ Here we demonstrate that similar results can be obtained when other suitable
wavelets are used to analyze the spatially distributed signals[ To this end\ we repeat the wavelet
transforms for the de~ection signals of the cracked beams with Gabor wavelets generated from
the Gabor function in eqn "6#[ Shown in Fig[ 02"a#\ "b# and "c# are the distributions of the Gabor
wavelet coe.cients of scale 6 for the de~ection signals given in Figs 3\ 5 and 7\ respectively\ where
=cj\k= refers to the magnitude of the wavelet coe.cients[ Again we observe that peaks show up at
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Fig[ 02[ The distributions of Gabor wavelet coe.cients of scale 6 based on the following de~ection responses of the
cracked beam] "a# Fig[ 3\ "b# Fig[ 5\ "c# Fig[ 7[
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the crack location[ In fact\ the Gabor wavelets appear to capture well the local disturbance created
by the existence of a crack[ The reason for it is that the Gabor function has a small area of time!
frequency window "smaller than those of many other functions\ including the Haar function#\
which makes the Gabor wavelets well suited for wavelet analysis[

2[5[ Sensitivity analysis

A key practical issue in developing and applying a damage detection method based on spatially
distributed signals is the spatial resolution required in making the measurements[ On the other
hand\ the achievable spatial signal resolution in practice depends on the particular sensor type and
data collection method used in damage detection[ This section provides insights for the sensitivity
of the proposed wavelet transform method to the spatial resolution of sensor signals[

As a representative case\ we study the earlier example of the simply supported beam shown in
Fig[ 2[ In the previous wavelet transform "see Fig[ 4# of the de~ection signal "Fig[ 3# for the cracked
beam\ no consideration was made of any practical limit of the signal|s spatial resolution[ In those
analyses\ we used 0913 uniformly distributed signal points for the half!meter beam\ which were
chosen for the convenience of evaluating the wavelet transforms[ To seek the lower limit of the
wavelet method for the beam problem in question\ we have gradually reduced the number of
uniformly distributed signal points from 0913 to 51 then to 20[ During the ensuing wavelet
transforms\ any signal values needed at points other than the signal points were approximated
from the values at the neighboring signal points using linear interpolation[ The resulting Haar
wavelet coe.cients are shown in Fig[ 03 "based on 51 signal points# and Fig[ 04 "based on 20
signal points#[ These wavelet coe.cient distributions indicate that the perturbation caused by the
crack can still be detected at such relatively low spatial resolutions[ However\ when the number of
signal points is reduced further to 04\ no trace of the crack can be detected[

3[ Summary and future work

Wavelet analysis is an alternative to Fourier analysis[ The advantage of using wavelet analysis
is that local features in a signal can be identi_ed with a desired resolution[ Based on this mul!
tiresolution property of the wavelet transform\ it has been shown that a spatially distributed
response signal can be analyzed with the wavelet transform and may be used for structural damage
detection purposes\ provided that the signal picks up perturbations induced by the presence of
damage[ Simulated de~ection signals of a beam containing a transverse crack and the displacement
response of a plate with a through!thickness crack have been used to demonstrate the feasibility
of this damage detection method[ It appears that damage can cause structural response per!
turbations near damage sites with inherent local features\ and that these local features can be
enhanced with the wavelet transform[ A preliminary sensitivity analysis is also performed[

Further work is needed to validate and advance this damage detection method[ For example\
the sensitivity of this method to random signal noise must be further investigated\ and actual test
signals are needed to demonstrate the practicality of this method[ It seems that the key to the
success of this technique is the development of sensors that can be used to provide spatially
distributed response signals that can pick up damage perturbation information[ While these and
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Fig[ 03[ The distributions of Haar wavelet coe.cients for wavelets of scales 0Ð09 based on 51 sensor signals for the
de~ection response in Fig[ 3[
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Fig[ 04[ The distributions of Haar wavelet coe.cients for wavelets of scales 0Ð09 based on 20 sensor signals for the
de~ection response in Fig[ 3[
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other issues will be addressed in future communications by the current authors\ it is hoped that
this paper will provide both a stimulus and a basis for further studies by investigators in this area[

Acknowledgements

The authors thank Drs M[ A[ Sutton\ C[ A[ Rogers\ and V[ Giurgiutiu for helpful discussions
and are grateful to two anonymous reviewers for their constructive comments[ This study was
supported in part by an NSF:EPSCoR grant through Cooperative Agreement No[ EPS!8529056
and by a grant from the South Carolina Space Grant Consortium[

References

Adams\ R[D[\ Cawley\ P[\ Pye\ C[J[\ Stone\ B[J[\ 0867[ A Vibration Technique for Nondestructively Assessing the
Integrity of Structures[ J[ of Mech[ Engr[ Sci[ 19\ 82Ð099[

Adams\ R[D[\ Walton\ W[\ Flitcroft\ J[E[\ Short\ D[\ 0864[ Vibration Testing as a Nondestructive Test Tool for
Composite Materials[ Composite Reliability\ ASTM STP 47\ 048Ð064[

Armon\ D[\ Ben!Hain\ Y[\ Braun\ S[\ 0883[ Crack Detection in Beams by Rank!ordering of Eigenfrequency Shifts[
Mech[ Sys[ and Signal Proc[ 7\ 70Ð81[

Banks\ H[T[\ Inman\ D[J[\ 0880[ On Damping Mechanisms in Beams[ J[ of App[ Mech[ 47\ 605Ð612[
Banks\ H[T[\ Inman\ D[J[\ Leo\ D[J[\ Wang\ Y[\ 0885[ An Experimentally Validated Damage Detection Theory in Smart

Structures[ J[ of Sound and Vib[ 080\ 748Ð779[
Cawley\ P[\ Adams\ R[D[\ 0868a[ The Location of Defects in Structures from Measurements of Natural Frequencies[ J[

of Strain Anal[ 03\ 38Ð46[
Cawley\ P[\ Adams\ R[D[\ 0868b[ A Vibration Technique for Nondestructive Testing of Fibre Composite Structures[ J[

of Composite Mater[ 02\ 050Ð064[
Chui\ C[K[\ 0881[ An Introduction to Wavelets[ Academic Press\ San Diego[
Daubechies\ I[\ 0877[ Orthonormal Bases of Compactly Supported Wavelets[ Comm[ Pure and Applied Maths XLI\

898Ð885[
Daubechies\ I[\ 0889[ The Wavelet Transform\ Time!Frequency Localization and Signal Analysis[ IEEE Trans[ On

Information Theory 25\ 850Ð0994[
DiBennedetto\ A[T[\ Gauchel\ J[V[\ Thomas\ R[L[\ Barlow\ J[W[\ 0861[ Nondestructive Determination of Fatigue Crack

Damage in Composites Using Vibration Tests[ J[ of Mater[ 6\ 100Ð104[
Haar\ A[\ 0809[ Zur Theorie der Orthogonolem Funktionensysteme[ Math[ Ann[ 58\ 220Ð260[
Kishimoto\ K[\ 0884[ Wavelet analysis of dispersive stress waves[ JSME Int[ J[ Series A 27\ 305Ð313[
Krawczuk\ M[\ Ostachowicz\ W[M[\ 0884[ Modeling and vibration analysis of a cantilever composite beam with a

transverse open crack[ J[ of Sound and Vib[ 072\ 58Ð78[
Lee\ B[T[\ Sun\ C[T[\ Liu\ D[\ 0876[ An Assessment of Damping Measurements in the Evaluation of Integrity of

Composite Beams[ J[ of Reinforced Plastics and Composites 5\ 003Ð014[
Liang\ C[\ Sun\ F[P[\ Rogers\ C[A[\ 0885[ Electro!mechanical Impedance Modeling of Active Material Systems[ Smart

Mater[ and Struct[ 4\ 060Ð075[
Liew\ K[M[\ Wang\ Q[\ 0886[ Application of Wavelet Theory for Crack identi_cation in Structures[ J[ of Engr[ Mech[

"submitted#[
Mallat\ S[\ 0878[ A Theory for Multiresolution Signal Decomposition] the Wavelet Representation[ IEEE Trans[ Pattern

Anal[ And Machine Intell[ 00\ 563Ð582[
Newland\ D[E[\ 0882[ Random Vibrations\ Spectral and Wavelet Analysis 2rd ed[ Longman\ Harlow and John Wiley\

New York[
Newland\ D[E[\ 0883a[ Wavelet Analysis of Vibration\ Part I] Theory[ J[ of Vib[ and Acoustics 005\ 398Ð305[
Newland\ D[E[\ 0883b[ Wavelet Analysis of Vibration\ Part 1] Wavelet Maps[ J[ of Vib[ and Acoustics 005\ 306Ð314[



Q[ Wan`\ X[ Den` : International Journal of Solids and Structures 25 "0888# 2332Ð23572357

Rogers\ C[A[\ Giurgiutiu\ V[\ 0886[ Review of the Electro!Mechanical "E:M# Impedance Method for Structural Health
Monitoring and Non!Destructive Evaluation[ Int[ Workshop on Struct[ Health Monitoring\ Stanford University\
CA\ September 07Ð19\ 0886[

Saunders\ D[R[\ Kim\ Y[I[\ Stubbs\ N[\ 0881[ Nondestructive Evaluation of Damage in Composite Structures using
Modal Parameters[ Experimental Mechanics 21\ 139Ð140[

Schultz\ A[B[\ Warwick\ D[N[\ 0860[ Vibration Response] A Nondestructive Test for Fatigue Crack Damage in Filament!
Reinforced Composites[ J[ of Composite Mater[ 4\ 283Ð393[

Surace\ C[\ Ruotolo\ R[\ 0883[ Crack detection of a beam using the wavelet transform[ In] Proceedings of the 01th
International Modal Analysis Conference\ Honolulu\ 0883\ 0030Ð0036[

Stubbs\ N[\ Osegueda\ R[\ 0889[ Global Damage Detection in Solids*Experimental Veri_cation[ Int[ J[ of Analyt[
Experimental Modal Anal[ 4\ 02Ð12[

Stubbs\ N[\ Kim\ J[!T[\ 0885[ Damage localization in structures without baseline modal parameters[ AIAA Journal 23\
0533Ð0538[

Wang\ W[J[\ McFadden\ P[D[\ 0885[ Application of orthogonal wavelets to early gear damage detection[ Mechanical
Systems and Signal Processing 8\ 386Ð497[

Wang\ W[J[\ McFadden\ P[D[\ 0885[ Application of Wavelets to Gearbox Vibration Signals for Fault Detection[ J[ of
Sound and Vib[ 0881\ 816Ð828[


